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ACUMIITOTUYHUAN METOJI Y MOJAEJIOBAHHI HEJIHIHHUX MMOMEPEYHHAX
KOJIMBAHD ITPYKHOI'O PYXOMOI'O OJHOBUMIPHOI'O TIJIA

Mamemamuure MOOeNOBAHHS KOTUBAHL PYXOMUX 830084C CEOET 2e0MEMPUYHOT OCI CUCMeEM € AKMYATbHUM NUMAHHAM
SAK MeopemuyHo2o Naamy, Maxk i 3 MOYKU 30pYy NPAKMUYHUX 3ACmocy@amb. Tomy 6usueHHs amniinyOHO-4aCmOmMHUX
XApaKmepucmuk HeliHiliHUX NONePeyHUX KONUBAHb MAKUX CUCIEM € CKIAOHUM, aiie 8 MO Jce 4ac 0Yyiice BaANCIUBUM 3AB0AHHIM.
YV pobomi mpezenmosano ma npoananizosano neeHy MamemamudHy MOOeNb HENHIUHUX NONePeyHux KOIUSAHb OanKu, ujo
pyxaemuvcs 83006xc il oci. Pozensanymo mooeni sax 0nisi HEPE3OHAHCHO20, MAK i Ol PE3OHAHCHO20 PedNCcUMie Koausanv. [lpu
00CNIONCEHHT BUKOPUCMAHO BIOOMI NIOX00U Ma MemoOu HeNIHIUHOI MEeXaHiKu — aCUMRMOMUYHUL MEmoO IHMe2pPy8aHHs.
oughepeHyianvbHux pieHAHb, MEMOO PO3IGUHEHHA 3a MATUM napamempom, memoo Dyp'e. Pezynomamom 3acmocy8ants 6KA3AHUX
nioxo0ie cmano OMPUMAHHA CUCMEMU CNiGBIOHOULEHD, AKI 003601A10Mb BUSHAUUMNU AMNIIMYOHO-4ACTNOMHI XAPAKMEPUCHUKU
OuHamiyHo20 npoyecy. BrazaHi cnigg8iOHOWEHH ChPOpMYTbOBAHO V 8ULTADT 36ULALIHUX OUDEPEeHYIATbHUX PIBHAHb, AKI MOXNCYMb
o6ymu 3inmezposani. Ompumani y 3a2a1bHOMY 8U2ia0i MAMeMAMUu4Hi Mooeni cpopmMyIbO8aHO MaxK, woo GUEYUMU K PE3OHAHCHI,
Max i HEePe30HAHCHI PedCUMU KONUBAHb. K HACTIOOK OMPUMAHUX aMNAIMYOHO-4ACMOMHUX CRIGBIOHOUIEHb CINALO MOJICTUBUM
OYIHUMU GNIUG PIZHOMAHIMHUX NApamempie ((Hi3uKo-MexaHiuHux, KIHeMamuyHux mowjo) Ha KoausaibHull npoyec. B ceoro uepey
ye 0ano MOJNCIUBICMb po36'sizamu 3a0awy niobopy ma onmumizayii napamempie 0isi KOHKPEMHUX MEXHOAOSIUHUX CUCmeM O
VHUKHEHHs! PI3HOMAHIMHUX He2AmMUGHUX PYUHIGHUX A6UWY Ni0 4ac eKCnayamayii ma HeOaxiCanux pexicumis KOIUGaHsb (De30HAHC,
oumms KOMUBaHs, 3pus Koausanv). Kpim mozo, ompumani 6 pobomi cnigi@OHOWEHHA YMONCIUBTIOOMb OOCTIONHCEHHA GNIUBIE
napamempie pyxomozo cepedosuuja Ha Xapaxmep 3MIiHU 4acmomu ma amMnaimyou KOIuaus, po3enaoamu pyx y moukax onopu
cepedosuya, eueuamu Cnocib KpinieHHs onop mina.

Tpaxmuynum 3acmocy8aHHAM OMPUMAHUX Yy poOOmi pe3yibmamis € OMpUMAHHAM GIOHOCHO NPOCTNUX MATNEMAMUYHUX
Moodenell 0N BUSHAUEHHS. AMNIIMYOHO-YACMOMHOT XapaKkmepucmuky 6i0OnogiOHUX KOHCMPYKYI muny 0OHOGUMIDHO20 mind, 5iKi
MOdACYmb Oymu Q0CHIONCeHI THICeHepamu-KoHempykmopamu. Taxki mamemamuyni Mooeni €, 3 00H020 OOKY, KIOHO8UMU OIS
00CNIONCEHH OUHAMIKU PYXOMUX HOCIIB, a 3 [HUWO020 — MOJCYMb OYMu A0eK8amHO PO3PAX08AHI 3 MOYKU 30DY IHNHCEHEPHOT
npakmuxu. Ak pesyibmam, Ompumaui y yil cmammi 3a1ejcHOCmi 00360JAI0Mb NPOEKMYBANbHUKAM 3 OO0CMAMHbOIO
A0eKBAMHICMIO MA UCOKOIO MOYHICMIO 8PAX08YEAMU NIUE HABEOEHUX ) POOOMI XAPAKMEPUCTIUK A NPOSHO3Y8AMmU OUHAMIYHI
A6UWA 8 KOMUBALHUX CUCMEMAX Muny 00HO8UMIpHO20 mina. Kpim moeo, npu iHICEeHEepHUX PO3PAXYHKAX DIZHUX MeXAHIYHUX
cucmem maxkozo uenAdy OMpUMAHI 3ANEHCHOCE MOXNCYMb OYMU SUKOPUCTIAHT 0151 OnmMuMizayii napamempis, wooO YHUKHYmMU
He2amueHUX PYUHIGHUX A6UWY N0 YacC eKCNIyamayii.

Kniouogi crosa — konuganshuil npoyec, acuMnmomuyHuil Memoo, amniinyoH0-4aCmomna Xapakmepucmurd, pe3oHaHc.

PUKACH PETRO, SLIUSARCHUK OLHA, PUKACH PAVLO
Lviv Polytechnic National University

ASYMPTOTIC METHOD IN SIMULATION OF NONLINEAR TRANSVERSE OSCILLATIONS
OF AN ELASTIC MOVABLE 1D BODY

Mathematical modeling of oscillations of systems moving along their geometric axis is an urgent issue both theoretically and from the
point of view of practical applications. Therefore, studying the amplitude-frequency characteristics of nonlinear transverse oscillations of such
systems is a difficult, but at the same time very important task. The paper presents and analyzes a certain mathematical model of nonlinear
transverse vibrations of a 1D body moving along its axis. Models for both non-resonant and resonant oscillation modes are considered. Well-
known approaches and methods of nonlinear mechanics were used in the research - the asymptotic method of integration of differential equations,
the method of development by a small parameter, the Fourier method. The result of applying these approaches was obtaining a system of ratios
that allow determining the amplitude-frequency characteristics of the dynamic process. These relations are formulated in the form of ordinary
differential equations that can be integrated. The generally obtained mathematical models are formulated in such a way as to study both resonant
and non-resonant modes of oscillations. As a result of the obtained amplitude-frequency ratios, it became possible to assess the influence of various
parameters (physical-mechanical, kinematic, etc.) on the oscillatory process. In turn, this made it possible to solve the problem of selecting and
optimizing parameters for specific technological systems in order to avoid various negative destructive phenomena during operation and
undesirable modes of oscillations (resonance, beating oscillations, disruption of oscillations). In addition, the ratios obtained in the work make it
possible to study the influence of the parameters of the moving medium on the nature of the change in the frequency and amplitude of oscillations,
to consider the movement at the support points of the medium, to study the method of fastening the beam supports.

The practical application of the results obtained in the work is to obtain relatively simple mathematical models for determining the
amplitude-frequency characteristics of the corresponding 1D body-type structures, which can be studied by design engineers. Such mathematical
models are, on the one hand, key to the study of the dynamics of moving media, and on the other hand, they can be adequately calculated from the
point of view of engineering practice. As a result, the dependencies obtained in this article allow designers with sufficient adequacy and high
accuracy to take into account the influence of the characteristics given in the work and to predict dynamic phenomena in oscillating 1D body-type
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systems. In addition, during engineering calculations of various mechanical systems of this type, the resulting dependencies can be used to optimize
parameters to avoid negative destructive phenomena during operation.
Key words - oscillatory process, asymptotic method, amplitude-frequency characteristic, resonance.

Beryn. @opmynoBaHHs 3aayi.
Judepenuiaibni piBHAHHA MoNepeYHNX KOJIMBAHb OAHOBHUMIiPHOIO Tijia

MareMaTHdHi MOJENi €HEPTeTHYHHX CTaHIB TEXHIYHHX O0'€KTiB MOXYTh OyTH OIFCaHi JNiHIHHHUMH Ta
HENHITHAME QYHKITIOHATFHAMH 3AJIC)KHOCTSMH, SIKi HEOOXiTHO BpaxoBYBaTH NpH MOOYIOBI Takux Momenei. Jlocsin
MaTeMaTHIHOTO MOJICIIOBAaHHS KOJHMBAIBHUX CHCTEM ITOKa3ye, IO, MOJEIIOIOYH peanbHi (i3ndHi 00'€KTH, MOKHA
PO3TIIANaTH HETiHIHHI 3aJIeKHOCTI SIK JIHIMHI Ha KOPOTKOMY iHTepBai, TOOTO 3aificHIoBaTH NiHeapu3amito [1-2]. [Ipn
(hopMyBaHHI piBHSIHB cTaHy 00'€KTa i MPH TOCTIHKEHHI MATEMaTHIHNX MOJIENICH CHCTEM, 30KpeMa, BHKOPHUCTOBYIOTHCS
¢ynnamenTanbHi Metomu i paktu Teopii O/13 1 1Y [3-6]. JocmimkeHHS KOMMBaNBHUX SBHI (30KpeMa pe30HAHCHUX
SIBUIN) Y TUHAMIYHMX CHCTEMax IIiJ] Ii€I0 CHIIOBUX 30yPEHb € BAKIMBOIO IIPOOJIEMOI0 MAaTEMaTHYHOTO MO/ICIIIOBAHHS
takux cucteM [7-10]. Taki qocCTiKEHHS MPOBOISITHCS 3 YpaXyBaHHAM psay ¢i3uko-MexaHidHux ¢akropis [11-14].
IcHyroui MeTonu JIiHIKHOT Teopii KoNMBaHb HE 3a0e3NeUyl0Th TOYHOTO aHAJTITUYHOTO PO3B'SI3KY KpalOBUX 3aaad y
BIAMOBIJTHAX MaTeMaTHYHUX MOJEIISIX KOJIMBaHb. ToMy akTyalbHOIO MPOOJIEMOIO € PO3BUTOK ICHYIOUMX i CTBOPEHHS
HOBUX METOJIiB MaTEMAaTHYHOTO MOJEIIOBAHHS, SIKi JO3BOJIAIOTh OTPUMYBATH TOYHI PO3B’SA3KM 3a]ad MaTeMaTHIHOL
¢bizuku [15, 16].

OCHOBHHM HEJIOIKOM YCiX ICHYIOUHX IO TEHEPIITHHOTO Yacy METOIB IOCTIHKSHHS HHAMITHUX PEKAMIB
KOJIMBaHb € TPOMI3AKICTh MaTeMaTHYHOTO amapaTy Uil IHKEHEPHHX pO3paxyHKiB. TakuM YMHOM, aKTyaJlbHUM €
CTBOPEHHS TAKHX METOMIB aHANI3y AMHAMIKM KOJHMBAIBHHX CHCTEM, SKi 3a0€3Medyl0Th MOXKJIMBICTH 3HAXOKCHHS
TOYHHUX PO3B’S3KIB Yy MATEMaTHYHUX MOJEISX 1 3pYYHI B iHXKCHEpHil mpakTuili. Po3B's3aHHI0 OnHIET 3 TakuX 3amad
NpUCBAYeHa JaHa poOoTa. SIK NpHKiIa] BHKOPHCTAHO MNPYXXHO-IAMCHIIATHBHY KOJMBAIIBHY CHUCTEMY, SKa IMITy€
KOJIMBAHHS TIO3/I0BXKHBOTO CTEPIKHS ITi]T IIEF0 30BHIIIHBOIO PYXOMOIO CEPEIOBHIIIA.

Bynemo po3rnsaaTH OJHOBUMIDHY CHUCTEMY, SIKa PYXaeThesl B3ZOBXK CcBO€l oci. [l Takoro BHmajaky
JqudepeHniabHe piBHSIHHS PyXy MOKHA MPEICTABUTH y 3arallbHOMY BUIIAJIKY

9%u 2 %u ( du 92 u)
——w =e¢flex,60,— 1
at? f dx’ dx2 ( )
ou 0%u
JIe € — MaJIMH JIOJATKOBHI apameTp; t — yac; w — KoecpluleHT SIKA# BU3HAYAE YACTOTY CHCTEMH; £f (e x,0,— e )

— mepiogu4Ha QYHKIIA mon0 6 3 nepionom 27, sika HeoOMexeHo AudepeHIiHOBHA 10 BCiX KIHIEBUX 3HAUYCHHSAX CBOIX
apryMEHTIB; % = v(t) — noxaTHs QyHKILIs.

Komu 30ypenns y cucremi (piBasaHI (1)) BincyTHe, To0TO € = 0, TO OTPpEMAEMO YHCTO FAapMOHIITHE KOJMBAHHS
u(x,t) = aX(x) cos(wt +v), ne % = w, Toai 3—1: = —awX (x) sin( wt + v). [Ipugomy a i v — neski crani (y 1aHOMY
BUTIAZIKY, KO HeMae 30ypeHHs ), TO/i aMILTITya Oy/e MOCTIHHOO % = 0, 3 piBHOMipHIM ()a30BEM KyTOM @.

Jyis moOya0Ba aCHMITOTHYHOTO PO3B’SI3Ky 30ypeHOi CHUCTeMH, Yy sKiii BimOyBarOTbCS OJHOYACTOTHI
KOJIMBAHHS HEOOXiJHO BUKOHAHHS TaKUX yMOB [7]:
1) y He30ypeHili cuCTeMi MOXJIMBI HE3aTyXalo4i TapMOHIYHI KOJHMBAHHS 3 4YacTOTOI w4 (T), sKa
3aJI€XKUTH TUILKY B1J IBOX BUILHUX CTAJIHX;

du 0%u .
2) eIMHUM PO3B’SI3KOM PiBHSHHS HE30ypEeHOI CHCTEMH € TpUBiabHUM, TOOTO £f ( €, X, 0, — o onz) = 0;
X X

3) y He30ypeHiii cucTeMi BifICYTHI BHYTpIilIHI pe3oHaHCH, TOOTO w4 (T) # wi (1), (k = 2,3,...,N);
4) moYaTKOBiI YMOBHU 3a0e3MeuyIOTh iCHYBaHHS OJJHOYACTOTHOTO PEXHUMY KOJIHBaHb, TOOTO Ul,—o =
pXi(x), uly=0 = qXi(x).
[Tpu Takux MPUIYLIEHHSIX PO3B’S30K PIBHSAHHS 30yPEHOI CUCTEMHU IIYKAEMO y BUIJISI
u(x, t) = a(®)X(x) cos P + cuy(a, 6,, x) + e2uy(a, 6,9, x) )
ne a(t) —aMmIiTy1a 0THOYaCTOTHUX KOJIMBaHb; U4 (a, 8,1, x), u,(a, 8,1y, x) — nepiognuni GyHKIiT N0 3MIHHHX P Ta
0 3 mepionom 2m; X(x) — ¢yHKIiA, ska BU3HaUae (hopMy KolMBaHb. BenmmuuHu a Ta Yy criBBiIHOIIEHHI (2), SIK
(byHKLIT Yacy, BU3HAYAIOTH i3 CHUCTeMH Tu(epeHIiaIbHUX PIBHIHb U1 Pe30HAHCHOro BUIaAKy [11]:

Z—a =eAi(a, @) + €24,(a, @)+...

day 2 ®)
Lo eVt eBi(a,p) + €°By(a, p)+...

Sk Bigomo 3 [16], mpakTHYHE 3aCTOCYBaHHS IHOTO METOY BU3HAYAIOTH HE BIACTHBOCTSIMH 3013KHOCTI PSIiB
y npaBux vactuHax (3). s toro mo6 po3s’s3aTH TaKy 3aaady (Ui MEPIIOro HaGIMKEHHsS) HeOOXiJHO 3HalTH
oyt uy(a, 8,9,x), Ai(a,¢), Bi(a,¢). Tobymora acumnrorwdaHux psaiB (3) HE MICTUTh NPUHITUIIOBHX
TPYAHOIIB, MPOTE TUTHKHU IS MEPIINX WICHIB PsAay. Y HENHIMHUX CHCTEMaX HE MOXKHA 3aCTOCOBYBATH IPUHIIUI
CYIEpIo3HLlii, TOMy HE MO>KHa IOOYyIyBaTH 3arajbHUH PO3B’S30K, BUXOASYM 3 PI3HUX YAaCTHHHUX PO3B’SI3KiB. Y
JISSIKUX BHTIAJIKAX, CIMCHCTBO YaCTUHHHX PO3B’SI3KIB Ma€ BIACTUBOCTI CHIIBHOT CTIMKOCTI 1 TOJIi TOCIIIKEHHS Ma€e CEHC.
[poaudepeHuitoemMo piBHIHHS (2) i OTpUMAEMO:
du km km ou,y duy
Frin = eA,(a, @) sme cosyp — asm—x(smlp (w + B1(a, 9))) + (w + Bi(a, ) +v— 30

0%u km

km km
Froie —aw? sinTx cosy — 2ead+(a, ) sinTx siny — 2awB, (a, @) sinTx cosy +
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o uy 0% 0%u,
oyY? 002 Pov’
du km kr Ju,
™ =a ] cos ] xcosy+ e Ep +..
0%u km\*  km Bzul
ﬁz_a(T> smecos1p+£ 9x2 +...

2

u u .. . . .
[lincraBumo BUpasu u,— 50 oz Y JTiBl Ta NIPaBi HaCTHHU PIBHSAHHSA (1) Ta poskmazemMo mpaBi YaCTHHH Y PSII

Teitmopa 3a 3pocrarounMu creneHsMu €. [IpupiBHIOIOYH KOE(IlliEHTH NMPHU OJHAKOBHX CTEMEHSIX &, OTPHIMAEMO
piBHSHHS A7t BU3Ha4UeHHs U4 (a, Y, ut), Ai(a, @), Bi(a, ¢):

0%uy 0%u, , 0%y

FPE +2wva(p69+v 07 + w?u; = fo(1, 4,0, 1,[))—(
- (a((u —-v) %(Z"p) + 2wA,(aq, go)) siny = G(1,a,0,¢) (4)

3 KpallOBUMH yMOBaMU

94:(a, ¢)
_ a9
g

w? — 2awB, (a, (p)) cosy —

u(x' t)lx:o = u(x, t)lx:l =0.
SAx BumgHo, OyHKUil fy(7,a,0,¢) 1a G(7,a,0,¢¥) € 2m-nepiomuuHUMH MO ABOX aprymeHTax ,6. s
3HAXOJ/KCHHSI HeBIMOMUX (YHKII JOCTATHHO 3HAMTH YACTHHHI PO3B’SI3KM PiBHAHHSA (4), BUKOPHUCTOBYIOUH METO.
HeBu3HaueHHX koedimienTis. [IpaBy wactuny piBHsHHS (4) po3kiamemo y moasiiiHuit psg Oyp’e:

G(7,0,0,) = T Gum (@) ™D, 5)
e gim(a) = 2 G(t,a,0,p)e M oy
[Mpencrasumo u, (a, x, 1, ) y Burmszi p;my Dyp’e

U (@, %,1,8) = T U (@, x)e @O0, (6)
[Migcrapnstoun y piBusuus (4) 3Hauenus (5) ta (6) Ta npHPiBHIOIOYM KOSOIIEHTH TPH OJHAKOBHX

1 2w J«Zn

. . . . L 0
rapMOHIKaX, OTpUMaeMoO ajreOpaiuHe PIiBHSHHS LIOAO HEBIIOMHUX KoediuieHTiB Pyp’e ugnzl(a). OcTtaHHE JErKo
BU3HAYUTH 4yepe3 Bimomi koedimientn Oyp’e (13) yukuii G(t, a, 6,1)), CKOPUCTABIINCH YMOBAMU OPTOTOHAIBHOCTI

HOpManbHUX QyHKUIH. [Ticnst psay nepeTBopeHs OTpUMaEMO
Jo)
0 g
U () = T M (@),

2—(mw+nv)?2)

27
Ai(a,p) = p f f F(a,x,y,0) sin— xsmll}dxdll)

4w7r2

27
Bi(a,¢) = — p4a)7r ajj F(a,x,,0)sin— xcoswdxdl,b

MeToa qocaizkeHHs1 y BUNIAAKy MaJIoi MIBUAKOCTI PyXy i 0/iHOPiTHUX KpailoBUX yMOB

Y naHomy po3iii 11 IONEePedHUX KOJIMBAaHb PYXOMOT'O KaHATY JIOCII/DKYEThCS BIUIMB: HEJIHIHHO-TTPY)KHUX
XapaKTepUCTHK Marepially KaHaTy, 30BHIIIHIX MepioAndHUX 30ypeHb, MBHIKOCTI X pyxy Ha ADX auHaMidHOTO
nporecy. B ocHOBY ocikeHb MOKIIaJeHO IPUHIIAI OJHOYACTOTHOCTI KOJIMBAaHb Y HENIHIMHUX cHcTeMax 3 6araTtbMa
CTYIEHSIMU BUIBHOCTI Ta PO3MOIUICHUMH ITapaMeTpaMy, aCHMIITOTHYHUI METO/T TT0OYJOBH PO3B’SI3KIB JESIKUX KIIAcCiB
IudepeHIiaTbHIX PiBHIHD 3 YACTHHHAMHE MOX1THUMH.

Po3risiHeMo momnepeyHi KOJMMBAaHHS KaHATy, SKHH PyXaeThCs B3JOBX Hene(OpMOBaHOI OCi 3 TOCTIHHOIO
IBUJIKICTIO. ByzmeMo BBakaTH: a) MaTepiall KaHATy 3a0BOJBHSIE OIU3BKOMY JIO JTIHIHHOTO 3aKOHY IPYXKHOCTI; 0) Ha
KaHaT JIIOTh 30BHILIHI NEpioJu4Hi 30ypeHHs; B) KaHAT PyXaeThCs B3JIOBXK CBOET T€OMETPHYHOI OCi i3 CTaJloo
MIBUAKICTIO.

Jis onmcy monepedHNX KOJIMBaHb 32 KOOPAWHATHY BiCh MM IPUHMEMO IIPSAMOJIiHIMHY BiCh X 1 Bix Hei Oynemo
BiJIpaXxOBYBaTH BiIXWJICHHS €JIEMEHTIB OaJIKM IIPY MMOTEPEYHNX KOJIMBaHHAX. Hexall BIAXIICHHS OKpEMHUX TOYOK OCi
KaHaTy MPOXOAATH MEPIEHANKYIISIPHO 0 MPSIMOJIiHiITHOTO, HeZeGopMOBaHOTO 11 HANPSAMKY, ITHOPYIOUH TIPH IIEOMY
3MIIIEHHS X TOYOK MapaJielbHUMHM OCi; BIIXWIJICHHS! TOYOK OCi KaHaTy JUIS TOTIEPEeYHUX KOJIMBAHHSX BiJJOyBAOTHCS
B OJHI{ IJIOIMHHI (“IUIOIIMHA KOJIMBaHE). 3a TaKMX NMPUIYIIEHb BiAXWIEHHS TOYOK OCi KaHATY IPH IOTEPEYHUX
KOJIMBAHHSX OJHO3HAYHO BH3HAYAIOTHCS OJHIEID (DYHKIIEIO ABOX 3MIHHHUX — KOOpPAMHATH X 1 4acy t, ToOTO U =
u(x,t). INoznaummo yepe3 m(x) mMacy OJWHHII JAOBXHHU KaHaTy, yepe3 EJ — sxopcrtkicth Ha 3ruH (E — Momyns
TIPYXXHOCTI, | — MOMEHT iHep1Iii onepeyHoro nepepily KaHaTy 111010 HeHTpalIbHOT Oci Iepepisy, sKa epIeHANKYIIpHA
JI0 TUTOIIIMHM KoNuBaHb). Toxi qudepeHnitiansHe piBHAHHS MTOTIEPEYHNX KOJIMBAHb KaHATY Yy 3arajJbHOMY BHIIAQAKY Ma€e
BUTJIS;

2 2 2
= (5 5) @
1 KpalioBUMH yMOBaMH
u(x, Dly=o =ulx, =1 =0, ©)
Jie a — aesKka ctana, € > 0 — Manuii mapamerp.
Jnst mpaBoi yactunu piBHsAHHS (7) i KpaifoBux ymMoB (8) mpumyckaemo, 1o BOHH € LUIMMH PalliOHATbHUMHU
(YHKITISIMH BITHOCHO U 1 T 9aCTKOBUX MOX1THUX, a 110 € — aHATITHYHUMHE (QYHKITISIMH TIPH JOCTATHHO MaJIMX 3HAYCHHSIX
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napaMeTpy. PiBHSHHS bOrO BHAY MaTHMeE TaKMH BHIVISA, SKLIO KiHILI KaHaTy OyayTh Hepyxomo 3akpiruieHi. Kpim
TOTO, IPUITYCTHMO, 110 TI0YaTKOBI YMOBU MaTUMYTb BUIJISIA:
du(x,t)
u(x,0)=Tkx), —— = P(x).
at  li=o
3rigao Metony Pyp’e po3B’A30K MIYKAEMO Y BUIIS TOOYTKY
ux, t) = X, ()T, (¥, 0) + euq(a, 9,0, x)+....

OTtpumMaeMo 3BUYaiiHi TudepeHLiabHi piBHAHHS, 3 IKUX MoxkHa 3Haitu T, (Y, 0) = a,, cos(w,t + ¢,), sKka
BHU3Ha4ae (opMy BIACHHX KONWBAHb i MICTUTH y co0i crtami a,, ¢,. CrmodaTky po3risHeMo He30ypeHy KpaHoBy
3ajady, Ky oTpumaemo i3 (7) pu € = 0, Tomi

0°u  ,0%u
W 4 W =0.
BukopucToBytoun MeTos Teopii 30ypeHHs1, popMalbHUI PO3B’I30K PO3IIISHYTOT 33/1a4i HIyKaEMO Y BUIJISI
pany
x =uy(x, t) + euy(x, t) + e2uy (x, t)+...,
ne ¢yHkuii uq (x, t), u,(x,t) nepiognuHi 3 nepioxom 2.
Pe3oHaHcHMIT Ta HEPe30OHAHCHUM BUIIAAKH

Ha BigmiHy Bij JiHiHOrO BUIIAAKy mapaMeTpu a i Y OyayTsh 3MiHHUME 1y (23) OyayTh BpaxoByBaTH BILIHB

HEeJTiHIHHEX ChII, a TAKOXK pyX cepenoBuia Ha ADX nuHaMivHOro nporecy. 3aKOHH 3MiHH OCTaHHIX OyIeMo 3a1aBaTH

IuQepeHIiaTbHUMA PiBHIHHAMHA
Z—‘; = eA,(a) + €24,(a)+. ..,
dy _ 2
Lot eBi(a) + e“B,(a)+. ..,
npuuomy A(a) i B(a) 3HaxX0oAATh TAKUM YHHOM, 11100 piBHAHHS (3) 3 HEOOXiTHUM CTEIICHEM TOYHOCTI.
OTxe, 3ama4a MoOYAOBU HAOMIDKEHOTO PO3B’sI3KY PIBHAHHS IOJTae Y 3HaX0pkeHHI QyHKii A(a), B(a) ta
u,(a, Y, x), uy(a,p,x). Oma mporo mnpoauepeHIIFOEMO OCTaHHI 3aJeXKHOCTi, OTPUMAEMO Ui IIEPIIOrO

HAOJIMKCHHS
Z—I: = ¢e4,(a) sinanx cosPp—a sinanx(sin Y (w + By(a))) + Z—l;l (w + By (a)),
0%u , . km ¥ — 2¢ad 'kn‘lpZB km ot , 0%y
— = —aw* sin—x cos Y — 2ead(a) sin—x siny — 2awB; (a) sin—x cos 0]
atz l 1( ) 1 1( ) l alpz
BpaxoByrouu piBHsHHA (9), 3anmIeMo 3arajbHe IPEACTABICHHS IS MEPIIOro HaOIKSHHS
0%uy 0%u,
2 2 —

ap? T o

9)

knm ~ kn
2awA,(a) sin—x siny + 2awB;(a) sin—x cos Y +

@ I I

km\? ~ kn km km
+ (T) V2a sme cosyp + 2 TVaw cosTx siny + F(a, ¥, x,0).
Toni F(a,y, x, 0) amns Hepe30HaHCHOTO BHUIIAJIKY MPHUIMAE BUTIIS:
~ kn km km
F(a,,x,0)=f (asme cosy, aTcosTx cosy, 6 )

JIsst 0IHO3HAYHOTO BU3HAYEHHS HeBimoMux dyHkiit A, (a) i B; (a) Hakmanemo, sk i B [16], Ha u, (a, P, 0, x)

. R . . .\ .k
JIOJaTKOBY YMOBY — YMOBY BiJICYTHOCTI y ii pOo3KJIafi JOJaHKIB MPOMOPIIIHUX Sin Tn x cos P [16]. Orpumaemo

A, (a) = _%ﬁf; fOZ”F(a,x,lp,e)siﬁx sin dxdip,
_ 1 1 l r2m . T
Bi(@) = =2 Jy I3 F(a,x,1,0) sin - X cos Y dxdy.

Y mnepmomy HaOmmkeHHi AUX AWHAMIYHOTO TMIpoLeCy Yy PEXOHAHCHOMY BHIAIKy BH3HAYAETHCA
3aJI€KHOCTSIMU

da 1 1 (tpem T
EZSE‘MWZJOJO F(a,x,lp,Q)SlnTxSlnl/)dxdl/),
dy km? 1 1 L 2w o
E=w—(T) |4 +£2—9mfofo F(a,x,ll),e)SlTlTXCOSl/ldxdlll.

BucHoBkn

KonuBanbHuit nporec npy>KHOTO MO3/I0BXHBOI'0 OAHOBUMIPHOT'O TiJIa TUITY Opyca 3 BiJOMUMH 3HAUEHHIMHU
MOJIOXKEHHS i/ JIEI0 PyXOMOTO CEePEOBHUIIA MOJICIIOETHCS 3MIIIAHOIO 3aa4uero s UG epeHIiaTbHOTO PiBHIHHS 3
YACTUHHUMH TIOX1THUMHU JPYTroro mopsinky. Po3poOrneHa Ta mgociimkeHa MaTeMaTHYHA MOJENb. 3alporOHOBaHO
ACUMIITOTUYHUH METOJ HENiHIHHOI MeXaHiKd Uil MOOYJOBHM PO3B’S3KYy y BKa3aHIM MaTeMaTW4HId Mojeni Ta
BHU3HAYEHHS IMapaMeTpiB IS Pi3HUX PEKUMIB KOJIHBAHb.

OCHOBHUM TPaKTHYHUM 3aCTOCYBAaHHAM OTPUMAHMX pE3YyNbTaTiB y POOOTI € PpO3IMUPEHHS CIEKTPY
MaTeMaTUYHHUX MOJiesiel KOJIMBAIbHUX CHCTEM, AMHAMIYHI MPOIECH B IKMX MOXKHA ONUCATH TOYHUMH aHAJITHIHUMHU
PO3B’sI3KaMM BIATIOBIIHUX KpalOBUX 3ajady. ACHMIITOTHYHI MiAXOAM JO3BOJAIOTH NMPOBOJUTH JETAIBHUH aHai3
JUHAMIYHMX SIBUIL Y BIINOBIAHMX TEXHOJIOTTYHHUX CHCTEMaX Ha €Talll IPOeKTYBaHHS Ta CUHTE3Y iX IapaMeTpiB.
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