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STRESSED STATE OF A TRANSVERSALLY ISOTROPIC MEDIUM
WITH NON-CANONICAL CAVITIES

A spatial boundary value problem is considered for a transversely isotropic medium bounded by closed non-canonical
surfaces obtained by rotating regular hexagons with rounded corners around one of their axes, with comprehensive stretching and
compression. One of the effective approximate methods for studying the stress state of a deformable body with different boundary
surfaces is a variant of the approximate method of boundary shape perturbation, developed and tested in the works of O. Guz and Yu.
Nemish. In this case, boundary problems for an infinite medium bounded in the middle by non-canonical surfaces of revolution are
formally reduced to a sequence of boundary problems for a medium with spherical surfaces. Articles [2, 3] are devoted to the use of the
approximate method of boundary shape perturbation in solving boundary problems of mathematical elasticity theory. Numerical results
are obtained for some transversely isotropic materials. The influence of material anisotropy on the stress concentration factor is
analyzed. The boundary shape perturbation method was used to obtain solutions to the problem of the stress-strain state of thick layered
shells of revolution [10]. In this case, the general solution of the equilibrium equations for an isotropic medium in a spherical coordinate
system was used. The calculations allowed us to analyze the stress-strain state of shells under the action of internal and external pressure.
The numerical results of the analysis of the stress-strain state of the shells can be added to the works of M. Leonov and K. Rusynka, V.
Panasyuk, L. Berezhnytsky, S. Yarema, L. Ratych, and M. Stashchuk. [13-15], who evaluate the stress-strain state of composite materials
with various defects. The latter use various criteria for the limit assessment of composites.

Keywords: transversely isotropic medium; non-canonical surfaces; boundary shape perturbation method; Legendre
polynomials, thick layered non-canonical shells, close to spherical.

I'POM’SIK POMAH
TepHOMiNbCHKUI HAI[IOHATBHUN TeXHIYHUN yHIBepcuTeT iM. IBaHa [Tymios, Tepromine, Ykpaina
HEMIII BACHJIb
3axiHOyKpaiHChKNMIA HallioHaNbHUH yHiBepcuTeT, TepHominb, YkpaiHa
KO3BYP I'AJIMHA, KO3BYP IT'OP

TepHOMiNbCHKUI HAI[IOHATBHUN TeXHIYHUN yHiIBepcuTeT iM. IBaHa [Tymios, Tepromine, Ykpaina

HATNIPYKEHUI CTAH TPAHCBEPCAJIBHO I30TPOITHOI'O CEPE/IOBUIIA
3 HEKAHOHIYHUMH ITIOPOKHUHAMMU

Posensidaemvcss  npocmoposa  kpaiioéa 3a0aua O MPAHCEEPCAbHO — [30MPONHO20  Ceped0BUd, O0OMENCEHO20  3AMKHYMUMU
HEKAHOHIYHUMU NOBEPXHAMU, OMPUMAHUMU GHACTIOOK 0OEPMAHHA NPABUTLHUX WECMUKYMHUKIE 3 3A0KPY2IeHUMU KYMAMU HABKOIO OOHIEL i3 c60ix
ocell, npu 6cecmopoHHbOMY po3msa3zi-cmucky . OOHUM i3 eeKMUBHUX HAOTUNCEHUX CROCOOI8 QOCTIONCEHHS HANPYICEHO20 CMAHY 0edhopMIiBHO20
mina 3 pisHUMU SPAHUMHUMY NOBEPXHAMU € 6aAPIAHM HADAUNCEHO20 MemOOy 30ypents gopmu epanuyi, po3pobreno2o i anpobo6aHozo 6 npaysax
O.I'y3s ma FO.Hemiwa. Tlpu yvomy epanuuni 3a0ayi Ons HeCKiH4eHO20 cepedosuiyd, 00MeNCceHo20 8 CepeOuHi HeKaHOHIMHUMU NOBEPXHAMU
00epmanHs, GoOpManbHO 36008MbCsL 00 NOCTIO08HOCHI Kpallosux 3aday s cepedosuwya 3 chepuunumu nosepxuamu. Cmammi [2, 3] npucesueni
BUKOPUCHAHHIO HAOIUMNCEH020 MemoOy 30ypenHs opmu epanuyi npu po3e A3yeanni Kpauogux 3a0ay MamemamuiHoi meopii npysicHocmi.
Ompumano uucnosi pesynomamu 0is 0esaKux MmpaHceepcaIbio i30mponuux mamepianis. Memooom 30ypenns popmu epanuyi ompumano po3s'sasku
3a0a4i nPo HANPYHceHo-0ehopMOBanuil Cman moscmux wapysamux obononok obepmanns [10]. Ilpu ybomy 8UKOpUCMAHO 3a2anbHUL PO38'A30K
PieHsAHb pieHOBAU ONA 130MPONHO20 cepedosuya y chepuuniii cucmemi koopounam. Pospaxynku 00360nunu npoeecmu auanis HanpyiceHo-
depopmosarnoeo cmany 00OOAOHOK Ni0 OIi€l0 GHYMPIWHBLO20 | 306HIWNBLO20 MUcKy. Ompumani 4UCI08l pe3yTbmamu aHaxizy HaAnpylIceHo-
dehopmoeanozo cmary 06010HOK ModxCHA doayuumu 00 pobim M.Jleonosa i K.Pycunka, B.Ilanacioka, J1. Bepescnuyvkozco, C.Apemu, JI.Pamuya,
M.Cmawyxa. [13-15], axi oyinioiome Hanpysiceno-0egpopmosanuti cman KOMROUYIUHUX mamepianie 3 pisnumu Oepexmamu. B ocmanmix
BUKOPUCIMOBYIOMbCA Pi3HI KpUmepii 2paHuiHoi OYiHKU KOMNO3UMIS.

Knrouoei cnoea: mpanceepcanvho izomponme cepeoosuwye; HeKAHOHIUMI NOGepXHi; MemoO 30ypeHHs Gopmu epanuyi, NoriHOMU
Jleacanopa,; moscmi wapyeami HeKaHoHIYHI 0O0IOHKU, OIU3LKI 00 CheputHuX.
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Problem Statement

Among the main difficult classes of problems of the mathematical theory of elasticity are spatial boundary
value problems. Mathematical difficulties in their solution arise in cases of both boundary surfaces and the influence of
elastic properties of the deformable medium. Most of the exact solutions of spatial boundary value problems of the
mathematical theory of elasticity for canonical domains are obtained by the method of separation of variables. It is based
on general solutions of the basic equations in curvilinear orthogonal coordinate systems.

Analysis of known research results

Articles [2, 3] are devoted to the use of the approximate method of perturbing the boundary shape when solving
boundary value problems of the mathematical theory of elasticity for figures close to the ellipsoid of revolution. The
concentration of stresses in an isotropic medium bounded by non-canonical (close to spherical) cavities [1, 4, 5] and
inclusions [6, 8] was investigated under all-round uniform deformation. Approximate solutions of external spatial
problems were obtained for a transversely isotropic medium bounded by closed surfaces (conical, biconical and
cylindrical) [9, 10] and in the form of a regular pentagon of revolution [11]. Thus, the concentration of stresses both on
the surfaces and in their vicinity was investigated. The issue of the influence of the radius of curvature of the surface on
the stress state of a homogeneous medium was analyzed in [12], where a rigid hypotrochoidal inclusion in an isotropic
medium and a stress-free hypotrochoidal cavity in a transversely isotropic medium were considered.

Formulation of the article's objectives

The aim of the work is to investigate the stress state of a transversely isotropic medium bounded by closed
surfaces of rotation under all-round deformation as well as to make a comparative analysis of the numerical values of
normal stresses for materials whose elastic constants differ from the corresponding values in the isotropic case.

Presentation of the main material

An elastic homogeneous transversely isotropic medium (curvilinear anisotropy) with cavities in the form of

regular hexagons of rotation with rounded corners is considered (Fig. 1, 2).

Fig. 1. Non-canonical surface (€ = 1/15) Fig. 2. Non-canonical surface (€ = —1/15)

Their surfaces S are formed by rotating the contour G around the axis Oz, the parametric equations of which
have the form
z =15 " Re(w(§))|,=1 = cosy + e cos5y,
R =15t Im(w(§))|,=1 = siny —esin5y .
They are written based on the function
Zz+IR=1r'w@ =&+ & -5 (&=pl, e = £1/15), 2)
which conformably maps the exterlor of the unit circle of the plane ¢ onto the exterior of the contour G. Here, d; =
1+ |el,dy, =1 — |¢g| are the distances from the center O to points 4 and B, respectively.
The study of the stress-strain state of the medium will be carried out by the approximate method of perturbing
the shape of the boundary [1]. Therefore, the components d,,, 0yy, TGpp, Tpp, dye Will be represented in the form of
power series of a small parameter ¢, i.e.

(1)

[ee] [oe]

Opp = Z el O'[S;)), wer Oy = Z gl 0'(]) (3)
J=0 j=0
Here the components o, ,E{,), e G}(,]()p are found from the recurrence relations
O.(J) J (m)
PP (-m) G-m)e _(m) _ (m) (-m) _(m)|,
(5)- o5 oo -seresmea)
m=0 66
1 j
0 _ (-m) __(m) G-m)( __(m) (m) 0 _ G-m) __(m)
Tpy = Z[A]m m+2AJm(°'aren m)] G<P]<p_ZAJm Oga 3 )
) m=0
U(j) J (m) (m)
pp | _ (j-m) (G-m)
(o) =2 (oo ()|
4% m=0 %a
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The differential operators A(L.j ) fora given boundary surface in the first three approximations have the form
AP =aP =1, AP =D =AY =0;
(1) 1) _ CosGyi __sinéy 9
AT =0y pS 9p ps oy’

(1) _ 12sinéy, 2) _ A2 2,

Ay = 06 Ay” = A7 = 2057 )

A _ 1+cosl2y 9% sin12y 0% 1 N 1—cos12y [ 82 N 0

T 4p 9pZ 2p10 dpdyp a7z \oy2 Pop)’
(2) _ 36(1—cos12y), (2) _ 24sin12y | 6sin12y 9 6(1—cos12y) 0
AT = 2p12 ;o AT = plz ol ap plz '
A transversely isotropic medium under the action of uniform all-round forces p is considered.

3= 6= 5@ =p (6= % =6 =0). ©)

In curvilinear orthogonal coordinates p, v, ¢ for surfaces (p= 1) the main stress state, i.e. for a medium without
cavities, will be
Gpp = Oyy =0pp =D (8o = Gpp = Gy = 0). (N
Based on the assumption that the given cavities are free from stresses, the stress-strain state of the medium
should be studied. With this formulation of the problem, the boundary conditions on the surface S (p=1) according to
(4), (7) have the form

69+, =0, 69+, =0 (=0), (®)
or equivalently

0
()lp 1= "D (0)|p 15

j-1

(1)|p .= [A(J m (m) +A(] m)( m) _ (m))_I_A(} -m) (m)] lper s
Z ©)
j—1

1
gDy = Z [Au -m) (m)+2A(} (g _ (m))] lpeaG = 1),

m=0
In the considered axisymmetric case, the components o; r(,{), O'éje) , a,,(t{x) , ar(é) have the form

g 92= %Zn=o D24 ASJ) PV" 2 an)Pn(ll);
6)) o

%00 1 s
n ’
(]) = T—ZZ Z A(l])pvn 2 ( (l)) Pn(ll) i (Cll - ClZ)uPn(u)l ; (10)
o 0 n=o0i=24 In
aa
dP (u) dP,
l ’
() = zz 5 == (Bi=—7"; u=cosy).
0 n=0i=2,4 4 H

Here, P,(u) are Legendre polynomials [13]; C;; are elastic constants [14]:
)0 = KO [2c10 4 c3a (60 )] - mn 4 Dt 69 = ey (KO + 50 2

®
Mn 1
(1) = Ki%%ews + a1z (o = 2) = mtn-+ 1) (212): an

ciin(n+1)— {,‘44( O 1)—011+012+2044

K® = '
n (C13+C44)( ——)+011+C12+2544
Arbitrary constants A( A according to (4), (7) are found from the boundary conditions (8) and have the form
AZD = o 42D _ cDs®_g, wp _ _ PsP-ay®
(2) n 6_512) 1(14) 6514) T(Lz) n 6;2) 1(14) 6_514) 1(12) (12)
G=0~n=0; j=1~n=0246; j=2~n=024,6,_810,12),

if C,EL} ), d,(l}) are the coefficients of the expansions into series in terms of Legendre polynomials and their derivatives.
They depend both on the shape of the surface and on the solution of the boundary value problem in previous
approximations. Numerical calculations were carried out for homogeneous media; their elastic constants are given in
Table 1.

Table 1
Values of elastic constants for some materials
Material Uiy Vi3 E, /G E;/G E,/E;
1 0.300 0.300 2.600 2.600 1.000
2 0.300 0.100 5.000 1.250 4.000
3 0.357 0.253 2.771 3.094 0.896
4 0.365 0.288 2.244 2.712 0.828
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The materials were used in [14]; they are close to the elastic constants of some transversely isotropic hexagonal
crystals [7, 15]. The values for materials 3, 4 are close to the isotropic case 1.
Stress concentration coefficients [1]
1
@) _ (0) (1) 2 . (2)y.
ki’ = F(crii +eo0; " +e%a;7);

ii

(13)
0,7 =8+ i=py.9)
for all materials of the considered surface shapes (Fig. 1, 2) if p = 1 have the following analytical structure:
12
kP = Z a; P (W) - (14)

k=0,2,..
The analytical structure of stress concentration coefficients in powers of the variable p mpu (y = const)
significantly depends on the type of material and has the following form:

13
kP =1+ Z bip ™3, (15)
k=0

Here by; and ay; in (13) are known numerical coefficients that depend on the elastic constants c;; of the
transversely isotropic medium. In particular, the values

0 _ 1. © _ 0 _ 1, 0 _
kpp _1_p_3’ kw _k¢¢_1+$' km/ =0 (16)
correspond to the exact solution of the problem for an isotropic medium with a spherical cavity. Therefore, k](,?,) =

0 _
koo = 1,5.
The nature of the change in the stress concentration coefficients kl(,(;,) and kéz(z along the fourth meridional

sections of non-canonical cavities in the form of regular hexagons of rotation with rounded corners is shown in Fig. 3
for e = 1/15 and in Fig. 4 for e =-1/15.

w
: /6
T s
/3 /3
T \ n
/2 . . . "2
0 1 2 3 R 0 1 2 3 R
Fig. 3. Stress distribution of the meridional section Fig. 4. Stress distribution of the meridional section
fore = 1/15(1--,2--,3--) fore = -1/15(1--,2--3--)

The change in stress concentration coefficients with distance from the cavity surfaces is shown for k](,?,) in

Fig. 5 and k;z(’), in Fig. 6 (materials 1, 2). The local nature of the stress field is also preserved for materials 3, 4.

(2)
kqﬂ(ﬁ’
3,0 7 — 0 — 1
2y=0¢e=)
—_ . —_ 1
1y=0e=3)
25 4
2,0 4
1,5 4
. - p 1 15 2,0 P
1 1,5 2,0
Fig. 5. Distribution of stress concentration coefficients ki,zy) in Fig.6. Distribution of stress concentration coefficients kf;,), in the
the vicinity of non-canonical surface vicinity of non-canonical surface
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For the four materials considered in Table 1, the maximum value of the relative deviation of the values of stress
concentration coefficients in the vicinity of non-canonical surfaces from the corresponding values of the basic stress
state, which is taken as 100%, does not exceed 5.8% at p=2 and 1.7% at p=3.

Remark: if a transversely isotropic medium with a non-canonical cavity is under an internal pressure of
intensity p applied to its surface p=1, then the boundary conditions have a form similar to (8), i.e.

o5 lp=1 = =P; 057 lp=1 = 0. (17)

In this case, the numerical values for the stress concentration coefficients k}(,f,) and ké,z(; are obtained from the

results of solving the given problem, if all the numerical values shown in Figures 3-6 are reduced by one.
Conclusions

1. The stressed state of a transversely isotropic medium with non-canonical cavities in the form of regular
hexagons of rotation has a pronounced local character. 2. The values of normal stresses in the vicinity of non-canonical
cavities depend on the anisotropy of the material. This is especially noticeable if the elastic constants differ significantly
from the corresponding values in the isotropic case (illustrated on the example of material 2). 3. In the case of the remark
made, the locality of the stress field is preserved. In this case, the results obtained with an error of up to 2% correspond
to thick-walled shells formed by coordinate surfaces p=1, p = p, = 3 and are under internal pressure.
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