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MODELING THE OPERATION OF AN IMAGE RECOGNITION SYSTEM
FOR DYED MATERIALS

This paper presents a mathematically rigorous model of a surface structure recognition system for painted materials based
on a variational filtering framework. The problem is formulated as an optimal estimation task derived from the minimization of an
energy functional that combines a data fidelity term with gradient-type regularization.

A discrete formulation is constructed using the finite difference method, leading to a symmetric positive definite linear
algebraic system. The model is extended to the full RGB case through a block operator representation that accounts for inter-channel
correlations via a coupling matrix. It is proven that the positive definiteness of the inter-channel interaction matrix guarantees the
preservation of the symmetric positive definite structure of the global system.

A spectral analysis of the resulting operator is performed. Bounds for eigenvalues and estimates of the condition number
are derived, demonstrating the influence of discretization parameters and regularization coefficients on stability and numerical
robustness. The existence and uniqueness of the solution are established for both scalar and vector formulations.

The conjugate gradient method is analyzed as an efficient numerical solver for the block system. Convergence estimates
are obtained in terms of the condition number, confirming the computational efficiency of the proposed approach for high-resolution
images.The developed model provides a theoretically justified and interpretable alternative to purely data-driven techniques in
surface quality assessment. It enables stable, well-conditioned, and computationally tractable processing of multichannel images in
industrial inspection tasks.

Keywords: variational modeling; optimal filtering; RGB block system,; symmetric positive definite matrix; conjugate
gradient method; spectral analysis; surface structure recognition; painted materials.

COJIOMSIHHH €TOP, TOPSIINIEHKO CEPI'TIA

XMenbHULBKUI HalliOHAIBHUIN YHIBEPCUTET

MOJEJIOBAHHA POBOTHU CUCTEMMU PO3III3HABAHHA 30bPAKEHD IS
DAPBOBAHUX MATEPIAJIIB

Y ecmammi npedcmasneno mamemamuuiy mooens cucmemu po3snisHAGAHH CMPYKMYPU NOGEPXHI NOPapbOaHux mMamepianie Ha ocHOsI
sapiayiiinoi inempayii. 3adaua cpopmyrvosana Ak 3a0aua ONMUMATLHOT OYIHKU, OMPUMANA WITAXOM MIHIMI3ayii hynKyionany enepeii, wjo noconye
ujien MOYHOCMI OAHUX 3 2PAdiEHMHON0 pezyiapusayicto. JJuckpemue Gopmynosants nobyoosare 3a 00NOMO2010 Memoody CKIHYeHHUX PIi3HUYb, WO
npu3800UNs 00 CUMEMPUYHOT NO3UMUGHO GU3HAYEHOT TiHiUHOT aneebpaiunoi cucmemu. Modenv po3wupena na nognuii sunadok RGB 3a donomozoro
0.104H020 ONEPATNOPHO20 NPEOCMABNEHHs, AKe 6PAX08YE MIJICKAHALHI Kopenayii yepes mampuyio 36's3Ky. [{oeedeHo, o no3umusHa eusHaueHicmoy
Mampuyi MIHCKAHATLHOIL 83AEMOOIT 2apaHmye 36epedirceHHs CUMEMpPUYHOL NO3UMUBHO BUSHAYEHOT CMPYKMYpPU 2100aNbHOI cucmeMmu.

Buxonano cnexmpanvbruil ananis pesyiomyiouo2o onepamopa. Ompumano mesxici 05 1ACHUX 3HAYEeHb MA OYIHKU YUCA 06YMO6IEHOCHII,
Wo demoHCcmpye 6nue napamempie ouckpemusayii ma xoegiyienmis pezynspuzayii na cmiikicmv ma uucnosy pobacmmuicmv. Bcmanosneno
ICHYBAMHA MA EOUHICMb PO36'A3KY SK 01 CKATAPHUX, MAK | 0151 BEKIMOPHUX DOPMYI08AHD.

Memoo cnpsiicenux epadienmis npoananizoéano AK eexkmugnull Yucrosuil po3g'azyeau ona 6aounoi cucmemu. Oyinku 36ixcHocmi
OMpUMAHi 3 MOYKU 30pY 4UCTA OOYMOBNIEHOCT, W0 NIOMBEPONCYE OOUUCTIOBANLHY eHEeKMUGHICHb 3ANPONOHOBAH020 NiIOX00Y O 300padlceHd
8UCOKOT pO30iNbHOI 30amuocni.

Pospobnena modenv npononye meopemuuHo 0OIPYHMOSAHY ma IHMEPNPEmMoany anibmepHaAmusy GUKIIOUYHO Memooam OYiHKU AKOCHI
nogepxui, wjo 6azyiomucs na danux. Bona 3abesneuye cmabinohy, 006pe 0bymoeneny ma 06uUCTIO8ATLHO NPUOAMHY 0OPOOKY 0a2AmMOKAHATLHUX
300pasicendv y 3a0a4ax NPOMUCIOB020 KOHMPOIIO.

Kniouosi cnosa: sapiayiiine mooeniosanns; onmumanvia inempayis,; 010K06a cucmema, CUMEMpUYHa MAmMpuys, Memoo CRPAICEHUX
2paodienmis; CNeKmpanbHull AHAII3; PO3NIZHAGAHHS CMPYKIYPU NOGEPXHI; Mamepiani.
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Introduction

Quality control of painted surfaces is an important component of technological processes in mechanical
engineering, instrument making, transport industry, construction and production of composite materials. The structure
of the surface layer of the painted material directly affects the operational characteristics of the product - corrosion
resistance, wear resistance, coating adhesion, durability and aesthetic indicators. Micro-inhomogeneities of the paint
layer, caused by technological factors (uneven application, porosity, microcracks, pigment aggregation), form a
complex textural structure of the surface. Its analysis requires formalization as a spatial-statistical object [1].

Analysis of literature sources [2-6] showed that existing approaches to the analysis of images of painted
surfaces can be conditionally divided into: empirical filtering methods; statistical texture descriptors; neural network
algorithms for deep learning.
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However, these approaches have a number of limitations: the lack of strict variational interpretation;
complexity of theoretical analysis of stability and convergence; ignoring inter-channel correlation in RGB images;
limited interpretability of results.

Research analysis

In the fundamental work [1], texture features based on gray-level adjacency matrices (GLCM) were proposed.
The method is effective for statistically homogeneous textures, but it works mainly in grayscale, it is sensitive to noise
and does not take into account spatial correlation in RGB space.

A review of surface defect detection methods [1] showed that most algorithms are based on heuristic or
empirical descriptors without strict variational formalism.

The author in [3] carried out a detailed review of surface defect detection methods based on texture analysis;
it is important that he emphasizes the difference between defect classification and novelty detection approaches.
Classical algorithms that ignore vector (color) data have significant limitations for multichannel images.

In [4], a generalized review of approaches to the analysis and classification of texture images is provided,
including statistical, structural, model and transformation methods. They classify these approaches according to their
ability to distinguish textures based on different features and emphasize the importance of combined methods that
combine several features to improve discriminative ability. The main problems are sensitivity to noise, illumination
variations, and scale/rotational invariance.

Classical texture analysis methods, such as gray-level contiguity matrices (GLCMs), moments, spectral features,
and multidimensional models, are widely used for the classification of microstructural images (in particular, SEM images).
The study by Ivanchuk and Tumska (2020) [5] showed that statistical and spectral measures are able to describe
microsurface textures, but the classification largely depends on the sensitivity of such features to noise and heterogeneity.

Recent works [6] consider neural approaches for texture analysis in the context of materials science. Such models
demonstrate high practical results due to the ability to detect nonlinear dependencies, but have significant limitations, in
particular: dependence on large data sets for training and the lack of strict guarantees of convergence or optimality. A
comprehensive review of texture analysis [7] has the problem of instability of features to variations in illumination and scaling.

Spectral and multiscale methods were considered by the authors [8, 9], who showed that Gabor filtering allows
for the analysis of the frequency-spatial structure. However, multiscale wavelet analysis is not formulated as a problem
of minimizing a functional with a proof of convergence. The LBP (Local Binary Patterns) method, which was
considered, although simple and fast, is not invariant to complex changes in structure and noise.

TV-regularization (ROF-model) in [10] provides a strict variational approach, but is mainly considered for
scalar (grayscale) images. And the image processing models via PDE in [11, 12] give an operator interpretation, but the
interchannel RGB connections are often considered in a simplified manner.

The main disadvantages of the considered methods are: insufficient theoretical convergence for RGB-block
systems; lack of estimates of the spectrum and condition number in color variational models; lack of models that
combine variational formalism, RGB block structure, proven convergence of the CG method; insufficient
interpretability of deep approaches in surface quality control problems.

Formulation of the objectives of the article

Traditional quality control methods are based on visual examination, the use of heuristic image processing
algorithms and empirical filtration procedures [13-15]. However, such approaches do not provide mathematically
guaranteed stability and do not allow for a formal assessment of the convergence of algorithms. Modern computer vision
methods are often based on neural network models, but they require large training samples and do not always provide
interpretability. In this regard, it is relevant to develop a mathematically grounded model of surface structure recognition
of painted materials, which is based on the variational principle of energy minimization, and also allows for a vector
(RGB) case with interchannel interaction. In this context, it is relevant to build a mathematically grounded model of
surface structure recognition, which is generalized to the vector (RGB) case taking into account interchannel interaction.

The object of the study is the process of mathematical modeling of the surface structure of painted materials
from digital images.

The subject of the study is variational and operator models of optimal filtering and their numerical
implementation in the form of a block RGB system with subsequent spectral and convergence analysis.

The aim of the work is to develop and theoretically substantiate a variational mathematical model of the system
of surface structure recognition of painted materials, formulate it in the form of a block RGB system of linear equations
and study its spectral and convergence properties.

To achieve the goal, it is necessary to:

1. Formalize the model of forming a digital image of a painted surface as a vector random field.

2. Formulate the variational functional of optimal filtering with gradient regularization.

3. Perform discretization of the model using the finite difference method and obtain the matrix form of the problem.

4. Construct a block RGB system taking into account interchannel correlation through the connection matrix.

Presentation of the main material
Let us consider the problem of restoring the surface structure as a problem of minimizing the energy functional:

J @) = [, lu®) —r@)|I* dx + 4 [, [Va@)[*W (Vu(x)) dx, (1)
where u(x) = (ug, ug, up)is the desired vector field (surface structure);

1(x) is the observed image;
A >0is the regularization parameter;
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W € R3*3 is the symmetric positive definite matrix of interchannel interaction;
(1 is the image area.
The first term ensures consistency with the data, the second term is smoothing taking into account the

interchannel correlation. The functional is minimized under the condition of stationarity:
5]
P 0. 2)

Consider the variation: u > u + &v
Then the first variation of the functional has the form:

8 =2f,(a=7)-vdx+2 [, |VW[W(Vu)dx. 3)
Integrating the second part by parts and taking into account the natural boundary conditions, we obtain:
§ =2, [(a=7) - vdx —AV-W(Vu)] v- dx. 4)
Since the variation is arbitrary, we obtain a system of Euler—Lagrange equations:
u—AV-Wiu) =r (5)
Let the digital image of the surface of the painted material be given by the function:
I:0cZ,->R, (6)

where 02 =1{1,..,M} x {1, ..., N} —discrete pixel area of material;
1(x,y) — the intensity of the reflected light, which can be found by the formula:
I(x,y) = L(x,y) + Q(x, ) +n(x, ), (N
where: L(x,y) — illumination field,
Q(x,y) — reflection coefficient (structural component of the surface);
n(x,y) — additive noise.
After logarithmization, we obtain an additive model:
Inl(x,y) = l(x,y) + q(x,y) + £(x, y). ®
For the recognition problem, the surface structure is described precisely by the random field q(x,y), which is
considered stationary in a broad sense:

Q[r(x,y)] = u = const,

IR(Ax, Ay) = Q[r(x, y)r(x + Ax,y + Ay)]. 9)
In this case, the distribution moments for the spatial-static texture model will be determined by:
my = Q[(r — w?]. (10)

After discretizing the gradient and divergence operators by the finite difference method, we obtain a system
of linear algebraic equations:
(I+28)u=r. (11)
where: A is a discrete operator approximating — V - (WV)
The matrix A has a block structure:
A=WQL, (12)
where: L — discrete Laplace operator,
®— Kronecker product.
Thus, the system takes the form: (I + AW @ L)u =r
When a digital image is stored or processed, the computer often breaks it down into smaller, manageable blocks
(pixels or pixel arrays). A pixel as a block is the smallest element of a raster image. Each pixel stores color information
(three RGB values: R, G, B). The image is often represented as a three-dimensional array (or three separate two-
dimensional arrays — channels), where for each pixel. If we take the three color components, then the total color can be
represented as a vector in three-dimensional space [12, 13]. Such a vector is written as a column matrix, and it can also be
written in terms of a basis. Therefore, the block model for a vector (RGB) image according to [13] will look like this:

up(x,y) R (%, ¥)
ulx,y) = uc(e, )| ry) =@ y)| (13)
up(x,y) 75(x,¥)
Independent channel-by-channel regularization is equivalent to three independent scalar problems.
1 i
Flrl =3 o lu—rliidxdy + 3 [, Zcerem|Vrl? dxdy, (14)
TR Ug
where r=|76| € RMN  u= [uc] — image parameters after discretization, respectively.
Y] Up
The system matrix has the well-known block-diagonal form
4, 0 O
a=l0 4, 0|, (15)
0 0 A4

where Ag =1+ A(—L)

Then the system becomes Ar = u and is solved by three independent CG processes, which can be described
by the equation:

A=LQIyy +A(W Q (-L)). (16)
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Then we will get interconnected channels:
I+ AWy (=L)  AW;,(=L) AWy3(=L)
AW3,(=L) AWsy(=L) 1+ AWs3(=L)
Using the properties of the Kronecker product, the spectral interpretation will be:
o(A) = {1+ A}, (18)
where p; —own valuesW, i = 1,2,3 ; v; —own values (—L),j = 1,..,MN
Taking into account the symmetry of the matrix we obtain W = WT > 0 because(—L) is symmetric positive
definite.
The resulting system is symmetric positive definite under the condition of positive definiteness of the matrix
W, which provides the possibility of effective use of the conjugate gradient method. The block structure of the operator
allows us to investigate the spectral properties of the system through the properties of the Kronecker product, which is
the basis for analyzing the convergence of numerical methods.
Since the Kronecker product preserves symmetry (W & (—L))T = Wr'® (-L)"T=WQ® (-L)" 10
A = AT, then we obtain the eigenvalues of the Kronecker product:
oW ® (-1)) = {uv;}. (19)
The spectrum limit will be at Upin, max T2 Vimin Vmax fOr eigenvalues W ta (—L) accordingly, will be
defined as:
Amin(A) = 1+ tnin, min,
A max A)=1+ Hmax, Bmax- (20)
Then the condition number of a matrix can be defined as the quotient of the maximum and minimum modulo
its eigenvalues, according to [13]

Amax(4) _ 1+imaxtmax
k(A) - Amin(4) - 1+lUmintmin (21)

For the RGB system, the convergence rate at large values of A is determined by:

k(A) = k(W) - k(-L) (22)

The values of the matrix W determine the degree of coupling between the channels and affect the spectrum
A. If W is close to unity k(W) = 1, then the RGB model behaves as three independent problems. If k(W) > 1, then
k(W) is strongly anisotropic, and the convergence deteriorates.

To verify the effectiveness of the proposed model, a numerical experiment was conducted. Additive Gaussian
noise was added to the test RGB image. Then, the image was restored using classical Gaussian smoothing and the
proposed variational RGB model. For comparison, the total variation model was used, which ensures the preservation
of contour features. It is shown that the TV approach reproduces the boundaries better, while quadratic regularization
provides smoother solutions. (Fig.1)
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Fig.1. Process of recognizing a painted surface
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The quality of the restoration was evaluated by the PSNR metric. The results showed that the proposed
approach provides higher quality of restoration and better preservation of structural elements of the image compared to
classical smoothing methods. The numerical solution of the obtained system was performed by the conjugate gradient
method. The obtained results confirm the effectiveness of the proposed approach and are consistent with theoretical
estimates of convergence. The spectral analysis performed showed that the operator of the system has a positive definite
spectrum, which guarantees the convergence of the iterative methods and the stability of the numerical solution.

Conclusions from this study and practical recommendations

The paper develops and theoretically substantiates a mathematical model of the system for recognizing the
surface structure of painted materials based on the variational approach. The formalization of the problem as an optimal
filtering problem with gradient-type regularization is proposed, which allows interpreting the image processing process
as the minimization of the energy functional. A discrete model was constructed based on the finite difference method
with the problem represented as a symmetric positive definite system of linear algebraic equations. A complete block
RGB model was developed that takes into account interchannel correlation through the coupling matrix. It was shown
that under the condition of positive definiteness of the interchannel interaction matrix, the system retains the property
of symmetric positive definiteness. A spectral analysis of the operator was performed, estimates of the eigenvalue
bounds and the condition number of the system were obtained. The influence of regularization and discretization
parameters on the stability of the solution was established.

The convergence of the conjugate gradient method for the block system was analyzed. An estimate of the
convergence rate through the condition number was obtained, which confirms the effectiveness of the proposed
numerical scheme. The developed mathematical model can be used for automated quality control of painted surfaces in
production conditions and ensures stable separation of the structural component of the image in the presence of noise.
In addition, the proposed approach is universal in nature and can be adapted to the tasks of analyzing other types of
surfaces and coatings.

References

1. Chan, T. F., & Shen, J. (2005). Image processing and analysis: Variational, PDE, wavelet, and stochastic
methods. SIAM. https://www.scribd.com/document/446182551/Tony-Chan-Jianhong-Shen-Image-Processing-And-
Analysis-Variational-Pde-Wavelet-And-Stochastic-Methods-pdf

2. Mallat, S. (1989). A theory for multiresolution signal decomposition: The wavelet representation. /EEE
Transactions on Pattern Analysis and Machine Intelligence, 11(7), 674—693. https://doi.org/10.1109/34.192463

3. Xie, X. (2008). A review of recent advances in surface defect detection using texture analysis techniques.
ELCVIA, 7(3), 1-22. https://elcvia.cve.uab.cat/article/view/v7-n3-xie

4. Armi, L., & Fekri-Ershad, S. (2019). Texture image analysis and texture classification methods: A review.
arXiv. https://arxiv.org/abs/1901.06554

5. Ivanchuk, O. M., & Tumska, O. V. (2020). Doslidzhennia metodiv klasyfikatsii tekstur REM-zobrazhen
mikropoverkhon obiektiv ta yikh sechmentatsiia [Study of methods for classification of SEM texture images of micro-
surfaces and their segmentation]. ISTCG&CAP Conference Proceedings. https://doi.org/10.23939/istcgcap2020.91.041

6. Liu, X., & Aldrich, C. (2022). Deep learning approaches to image texture analysis in material processing.
Metals, 12(2), 355. https://doi.org/10.3390/met12020355

7. Haralick, R. M., Shanmugam, K., & Dinstein, I. (1973). Textural features for image classification. /[EEE
Transactions on Systems, Man, and Cybernetics, 3(6), 610—-621. https://doi.org/10.1109/TSMC.1973.4309314

8. Krizhevsky, A., Sutskever, 1., & Hinton, G. E. (2012). ImageNet classification with deep convolutional
neural  networks.  Advances in  Neural  Information  Processing  Systems, 25, 1097-1105.
https://proceedings.neurips.cc/paper/2012/hash/c399862d3b9d6b76¢8436e924a68c45b-Abstract.html

9. LeCun, Y., Bottou, L., Bengio, Y., & Haffner, P. (1998). Gradient-based learning applied to document
recognition. Proceedings of the IEEE, 86(11), 2278-2324. https://doi.org/10.1109/5.726791

10. Ojala, T., Pietikdinen, M., & Mienpii, T. (2002). Multiresolution gray-scale and rotation invariant texture
classification with local binary patterns. IEEE Transactions on Pattern Analysis and Machine Intelligence, 24(7), 971—
987. https://doi.org/10.1109/TPAMI.2002.1017623

11. Plataniotis, K. N., & Venetsanopoulos, A. N. (2000). Color image processing and applications. Springer.
https://www.comm.toronto.edu/~kostas/Publications2008/pub/bookchapters/2000-SpringerMonograph.pdf

12. Rudin, L. L., Osher, S., & Fatemi, E. (1992). Nonlinear total variation based noise removal algorithms.
Physica D: Nonlinear Phenomena, 60(1-4), 259-268. https://doi.org/10.1016/0167-2789(92)90242-F

13. Predstavlennia koloru. RGB ta HSV [Color representation: RGB and HSV]. (2025).
https://learn.ztu.edu.ua/pluginfile.php/320792/mod_resource/content/0/%D0%9C3%D0%9B13%20-
%20%D0%9F%D1%80%D0%B5%D0%B4%D1%81%D1%82%D0%B0%D0%B2%D0%BB%D0%B5%D0%BD%
D0%BD%D1%8F%20%D0%BA%D0%BE%D0%BB%D1%8C%D0%BE%D1%80%D1%83.%20RGB%20%D1%8
2%D0%B0%20HSV.pdf

14. Dijin Dominic. A Beginner’s Guide to wunderstand the HSV Color Model (2025)
https://medium.com/@dijdomv01/a-beginners-guide-to-understand-the-color-models-rgb-and-hsv-244226e4b3e3

15. Dyachenko, S., Marangell, R., & Pelinovsky, D. E. (2026). Recurrent bifurcations of stability spectra for
steep Stokes waves in a deep fluid. arXiv. https://arxiv.org/abs/2604.12269

Herald of Khmelnytskyi national university, Issue 1, 2026 (361) 561


https://www.scribd.com/document/446182551/Tony-Chan-Jianhong-Shen-Image-Processing-And-Analysis-Variational-Pde-Wavelet-And-Stochastic-Methods-pdf
https://www.scribd.com/document/446182551/Tony-Chan-Jianhong-Shen-Image-Processing-And-Analysis-Variational-Pde-Wavelet-And-Stochastic-Methods-pdf
https://doi.org/10.1109/34.192463
https://elcvia.cvc.uab.cat/article/view/v7-n3-xie
https://arxiv.org/abs/1901.06554
https://doi.org/10.23939/istcgcap2020.91.041
https://doi.org/10.3390/met12020355
https://doi.org/10.1109/TSMC.1973.4309314
https://proceedings.neurips.cc/paper/2012/hash/c399862d3b9d6b76c8436e924a68c45b-Abstract.html
https://doi.org/10.1109/5.726791
https://doi.org/10.1109/TPAMI.2002.1017623
https://www.comm.toronto.edu/~kostas/Publications2008/pub/bookchapters/2000-SpringerMonograph.pdf
https://doi.org/10.1016/0167-2789(92)90242-F
https://learn.ztu.edu.ua/pluginfile.php/320792/mod_resource/content/0/%D0%9C3%D0%9B13%20-%20%D0%9F%D1%80%D0%B5%D0%B4%D1%81%D1%82%D0%B0%D0%B2%D0%BB%D0%B5%D0%BD%D0%BD%D1%8F%20%D0%BA%D0%BE%D0%BB%D1%8C%D0%BE%D1%80%D1%83.%20RGB%20%D1%82%D0%B0%20HSV.pdf
https://learn.ztu.edu.ua/pluginfile.php/320792/mod_resource/content/0/%D0%9C3%D0%9B13%20-%20%D0%9F%D1%80%D0%B5%D0%B4%D1%81%D1%82%D0%B0%D0%B2%D0%BB%D0%B5%D0%BD%D0%BD%D1%8F%20%D0%BA%D0%BE%D0%BB%D1%8C%D0%BE%D1%80%D1%83.%20RGB%20%D1%82%D0%B0%20HSV.pdf
https://learn.ztu.edu.ua/pluginfile.php/320792/mod_resource/content/0/%D0%9C3%D0%9B13%20-%20%D0%9F%D1%80%D0%B5%D0%B4%D1%81%D1%82%D0%B0%D0%B2%D0%BB%D0%B5%D0%BD%D0%BD%D1%8F%20%D0%BA%D0%BE%D0%BB%D1%8C%D0%BE%D1%80%D1%83.%20RGB%20%D1%82%D0%B0%20HSV.pdf
https://learn.ztu.edu.ua/pluginfile.php/320792/mod_resource/content/0/%D0%9C3%D0%9B13%20-%20%D0%9F%D1%80%D0%B5%D0%B4%D1%81%D1%82%D0%B0%D0%B2%D0%BB%D0%B5%D0%BD%D0%BD%D1%8F%20%D0%BA%D0%BE%D0%BB%D1%8C%D0%BE%D1%80%D1%83.%20RGB%20%D1%82%D0%B0%20HSV.pdf
https://medium.com/@dijdomv01/a-beginners-guide-to-understand-the-color-models-rgb-and-hsv-244226e4b3e3
https://arxiv.org/abs/2604.12269

