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THEORETICAL STUDIES OF APPLIED PROBLEMS OF MATHEMATICAL
MODELING FOR THERMOPHYSICAL SYSTEMS

In this article, a computational mathematical model of thermal action on a multilayer material is constructed. It is shown
that this thermophysical system is based on a nonlocal boundary value problem of a system of nonlinear, multidimensional,
inhomogeneous differential heat conduction equations with partial derivatives, boundary and thermal action conditions. It is noted
that without considering the material under study as a homogeneous rectilinear body, without the use of specialized methods and
estimates on the solution function from the theory of existence and uniqueness of the solution of boundary value problems, it is
generally impossible to guarantee the correctness of this boundary value problem. Using the parametric method, it is proved that
the condition of uniform boundedness on the Fourier symbol of the main differential equation of a homogeneous boundary value
problem is a necessary and sufficient condition for the computational mathematical model over the space of generalized functions
constructed in this article. This guarantees the stability of the solution of the boundary value problem to minor changes in the
initial data in the function space.

From the point of view of mathematical modeling, the article solves the problem of nonlinear dynamic programming.
Taking into account the characteristics of technical devices of thermal action, the boundary values of the control parameters of
the system are set. Despite the fact that the research of this article is related to the section of mathematical modeling and
optimization of systems with distributed parameters, it also has a multidisciplinary focus. After all, during the finite-difference
approximation of a system of differential equations for the implementation of boundary value problems, this problem is reduced to
nonlinear dynamic programming, which increases the accuracy of calculating the objective function and values of technical
parameters of load sources by using more approximate calculation methods.

Keywords: mathematical modeling, boundary value problems, stability of solutions, finite difference approximation.

JIEBKIH IMUTPO, CUHSABIHA I0JIIsA
JIEBKIH APTYP, BYTEHKO TETSHA

JleprxaBHMIi 610TEXHOJIOTIYHUIT YHIBEPCHTET

TEOPETUYHI JOCIIIKEHHSA NPUKJIATHUX 3AJAY MATEMATHUYHOI'O MOJEJTIOBAHHSA
JJIA TEVIO®IBUYHUX CUCTEM

B cmammi nobydosana po3paxynkoea mamemamuina mooens mepmiunoi 0ii na bacamowaposuii mamepian. Iloxkazano, wo 6 ocnogi
3a3nauenoi  mennogizuunoi  cucmemu Ccmoimv HEIOKANbHA KPAuoea 3aoavda cucmemu HemHilinuxX, 6azamoeuMIpHUX, HeOOHOPIOHUX
ougpepenyianbHux pieHsiHb MeNIONPOGIOHOCIE 3 YACMUNHUMU NOXIOHUMU, KPATIOGUMU | SDAHUYHUMU YMOBAMU mepmiunoi Oii. Biosnaueno, wo ne
PO321A0aI04U OOCIONCYBAHUL MAMEPIAL 8 AKOCMI 00HOPIOHO20 NPAMOMIHINHO20 Mina, Oe3 3aCMOCY8ants Cneyiani308anux Memoois i OYiHoK Ha
@ynryito pose’sa3xie 3 meopii icnysants ma cOUHOCmi po3g A3Ky Kpauosux 3a0ad, 3a2ai0oM He MOJCIUBO 2aApaAHMYy8amu KOpeKmHicnb yici Kpaiiogoi
3adayi. Bukopucmasuiu memoo napamempixca 008e0eHo, wjo ymMosa pieHoOMIpHoI odmedxrcenocmi Ha cumeon Pyp’e 0CHOBHO20 OughepenyianrbHo20
pigHanHs 00HOpIOHOI Kpatiogoi 3adaui — ye HeobXiona i O0OCMAmHs YMO8d KOPEeKMHOcmi 015 no6y008anoi 6 cmammi po3paxyHKogoi
Mamemamuunoi Mooeni Had npocmopom ysazanvhenux @yuxyiu. Lle eapammye cmiiikicmy po3e 3Ky Kpaiioeoi 3a0ayi 00 He3HAYHUX 3MiH
nOYamMKOBUX OAHUX 68 PYHKYIOHATLHOMY NPOCTOPI.

3 mouku 30py MamemamuuHo20 MOOeNI08AHHA 8 CAMMI PO36 A3aHA 3a0a4a HeNIHIlIH020 OUHAMIYHO020 npoepamyeanHs. Bpaxysasuiu
XapakmepucmuKkyu mexuiyHux npucmpoie mepmiunoi 0ii, 3a0ani epanuyni 3HavenHs ynpasisiouux napamempise cucmemu. Hesgaoicarouu na moii
¢axm, wo Oocnioxcenns yiei cmammi 8IOHOCAMbCA 00 PO3OIY MAMEMAMUYHOLO0 MOOENIOBAHHS MA ONMUMI3AYil cucmem 3 po3nooiieHUMU
napamempamu, 6 HUX 3aKiaoeHe i MyIbMUOUCYUNIIHAPHE CNpAMYB8anHA. Aloce ni0 yac Kinyego-pisHuyegoi anpokcumayii cucmemu
Oughepenyianvhux pignsans 01 peanizayii Kpawosux 3a0ad, 3a3HAYeHd 3a0ayd 3600UMbCS 00 HENIHINHO20 OUHAMIYHOZ20 NPOSPAMYBAHHS, UJO
nioguye MOYHICMb PO3PAXYHKY QYHKYIl Memu i 3HaYeHb MEeXHIYHUX Napamempie 0dxicepen HA8aAHMAICEHHs, 3a PAXYHOK 3ACTNOCYBANHSA OINbUOT
KibKOCMi HAOIUNCEHUX MeMOOi8 0OUUCTeHHS.

Knmiouogi crosa: mamemamuune MOOeI08aH s, KPAuosi 3a0ayi, CIitikicms po3e sI3Ki6, Kinyego-pizHuyesa anpokcumMayis.
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Formulation of the problem

In the article applied problems of mathematical modeling for thermophysical systems containing sources of
loading physical fields are solved. At calculation and optimization of such systems it is necessary to solve applied
problems of nonlinear dynamic programming. Physical processes in multilayer systems containing concentrated, local
sources of thermal influence are described by means of nonlocal boundary value problems with systems of differential
equations of heat conduction in partial derivatives and boundary conditions. The characteristics of the sources of
physical fields are included in the right part of the basic differential equation from the boundary value problem or are
given in the boundary conditions.

Mathematical models for optimizing the parameters of exposure sources should be based on correct boundary
value problems describing the state of the modeled system. Fulfillment of the correctness requirement is necessary to
guarantee the adequacy of the main optimization problem of improving the quality of thermal effect on the material
by controlling the fulfillment of constraints on the target function and technical parameters of the emitters, which will
reduce the consumption of expensive material. Note that the system of constraints on the technical parameters and the
target function is nonlinear, and the maximum permissible values of the parameters of the emitters are taken from the
technical characteristics of the means of exposure. To analyze the fulfillment of the constraints on the target function,
it is necessary to solve boundary value problems with differential equations of heat conduction. This fact connects
computational and applied optimization mathematical models and demonstrates that to analyze local extrema of the
target function it is necessary to obtain its values, and this is possible only after solving boundary value problems.
Correctness of boundary value problems can be given much less attention only if it is sufficient to obtain average
estimates on the target function. Then correctness is proved through classical theorems about boundedness of solutions
in function spaces. However, in this way we obtain a greater consumption of technical resources of radiators and of
the material under study due to averaging of the control parameters of the modeled system. Therefore, in order to
increase the accuracy of implementation of computational and applied optimization mathematical models, it is
necessary to take into account as many factors of systems as possible. In this case, the influence of correctness of
boundary value problems for already detailed systems increases. One of the possible approaches to obtain and justify
the correctness conditions is to apply the parametric method. This will prove that the parabolicity condition for a
system of homogeneous differential equations is a necessary and sufficient correctness condition for the boundary
value problem given in the article with a system of differential equations on the segment of bounded generalized
functions. Moreover, if such a boundary value problem is still not correct, the class of solutions can be narrowed down
to compact sets in which the problem is stable to small changes of initial data.

The Fourier method of separated variables and variational methods are used to realize and investigate the
computational mathematical model. The essence of the Fourier method is that the solution of the boundary value
problem is sought in the form of a series of products of functions. In this case, to justify the application of the Fourier
method, the maximum principle is used, the essence of which is that the solution of a homogeneous boundary value
problem reaches its maximum at the boundary of the domain.

Analysis of the latest research
Article [1] shows that the external excitation of an unregulated object with a dynamic internal structure is based
on a boundary value problem with a system of nonlinear differential equations with constant coefficients. The behavior
of the functions of several variables together with their derivatives up to a fixed order in the corresponding topology
is investigated [2]. Having optimized energy consumption in a technical system, the authors of [3] obtained the
dependence of the change in the coefficient of kinetic energy loss on the angle of the body position. The results of
publications [4—6] are devoted to the optimization of the parameters of individual technical systems. Articles [5, 6]
present a generalized approach to solving boundary value problems with differential equations and optimizing the
parameters of these systems. To increase the stability of the turbine unit outer shell, applied problems of optimal
design of some systems with distributed parameters were constructed and formalized, taking into account the control
parameters of these systems [7, 8]. In articles [9, 10], conditions for the correctness of boundary value problems for
certain classes of differential equations were obtained. Their authors defined general methods for finding and
justifying their application in solving applied problems depending on changes in the right-hand side of the differential
equation, as well as boundary and edge conditions. Hybrid algorithms are used to search for digital images in data
warehouses [11]. In [12], effective methods for identifying air targets in real time were obtained.
The purpose of the work is development of a computational mathematical model for a separate
thermophysical system.
Presenting main material
According to the results of the article [13], a computational mathematical model for thermophysical systems:
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where p, — density coefficient e -th layer of the multilayer (N -layered) material, where e = 1,.., N;

c. — heat capacity coefficient e -th of the multilayer material;

T, = T,(r,t) — temperature field;

1, — distance from the center of the thermal source to the point in the e -th temperature field value is calculated
in the layer of the multilayer material.

q. — specific power density of heat loads in multilayer material;

Ae — heat transfer coefficient e -th layer of multilayer material.

Boundary conditions at the beginning and at the end of thermal exposure:

T(ro; o) = To;
2
{T(rNi ty) = Tn- @
Boundary conditions for specific heat flux:
—Al%(O, t)=gqS, 0<t<h, 3)

where q — specific heat flux on the outer layer of the material 2;

S — the area of the source of exposure in the form of a spot.

For the homogeneous boundary value problem with the system of differential equations of heat conduction
the parabolicity condition is satisfied, and hence, as shown in [14], it can be perturbed by any subordinate

pseudodifferential operator of the first order, for example 2 % (@). This proves the correctness of the boundary

value problem (1)-(3) in the space of generalized functions continuous on the segment.

The solution of the heat conduction differential equation of the system (1) can be represented as the sum of
a general homogeneous and a partial inhomogeneous solution. First, let us find the general inhomogeneous solution
of the system (1), representing it as the product of two functions u(r) and v(t). Substituting the product of these
functions into the homogeneous differential equation of the system (1), we obtain:

v'(Ou(r) —aw@®u'(r) + %v(t)u'(r)) =0. 4)

Based on the algebraic transformations of the differential equation (4), we obtain the differential equation
with separating variables and the Fuchs class equation. The solution of the differential equation with separating
variables is easy to find — it is an exponent, while the solution of the Fuchs class equation requires the construction of
a characteristic polynomial:

AA-1)+21=0. %)
Its roots are 0 and 1 so we will look for the solution of the Fuchs class equation in the form of a power series:
u(r) = Lizo o . (6)

Let us obtain the solution of the differential equation (4):

Tlr ) = L chrzk B r2k ot
(rt)=(a k=0—ak((2k)”)2 C2 k=0—ak((2k+1)“)2 e, @)

where the constants ¢; and c, is found from the boundary conditions (2);

ck

a= ;—C — diffusivity coefficient.

Other notations are as in the system of differential equations (1). Let us write the partial inhomogeneous
solution of the differential equation from the system (1):

q
Tpp(r,t) =— 57’2- (®
Taking into account the calculations carried out, we obtained the solution of the differential equation of heat

conduction from the system (1):
T(r,t) =T, (e“ Yo $> —deyz )
’ =0 gk(2k+1)1)?)  6a

Having obtained, for example, using the method of uncertain coefficients, the heating temperatures of the
material layers, we proceed to the analysis of the fulfillment of constraints on the temperature field and to the analysis
of local extrema of the target function to solve the main optimization problem of reducing the flow rate of the material
under study in the simulated thermophysical system. It should be noted the results of publications [15, 16], boundary
value problems and applied optimization mathematical models in which depend on the features of the simulated
processes and the target function.

Conclusions

The article develops a mathematical model for the thermophysical system of thermal action on a multilayer
material. It is shown that the computational mathematical model of this process is a boundary value problem of a
system of nonstationary, inhomogeneous, multidimensional differential equations of heat conduction with piecewise
constant coefficients and with appropriate initial and boundary conditions. Moreover, this system contains moving
(local, discrete, concentrated) sources of the physical field whose characteristics are included either in the right part
of the basic equation of the boundary value problem or in the boundary conditions. To substantiate the correctness of
this boundary value problem, the fundamental function of solutions of the boundary value problem with a system of
homogeneous differential equations is investigated and it is shown that the condition of parabolicity of the Fourier
symbol of the basic differential equation leads to the correctness of the computational mathematical model for the
thermal effect on the material.
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The choice of the method of numerical realization of computational mathematical models is made taking into
account the general type of the target function, the system of nonlinear constraints on the target function and its
parameters, multidimensionality and nonlinearity of boundary value problems. Thus, to realize the boundary value
problems, the authors used the Fourier method of separated parametrizations and known approximate methods. This
means that initially, the solution of boundary value problems for differential equations is represented as a power series,
and the differential equations are replaced by a system of algebraic equations with constant coefficients. To obtain the
unknown coefficients, the authors propose to apply variational methods. Increasing the accuracy of calculation and
optimization of the target function and control parameters of the modeled system is achieved by reducing the control
problem to the problems of nonlinear mathematical programming.
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