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THEORETICAL STUDIES OF APPLIED PROBLEMS OF MATHEMATICAL 

MODELING FOR THERMOPHYSICAL SYSTEMS 
 

In this article, a computational mathematical model of thermal action on a multilayer material is constructed. It is shown 

that this thermophysical system is based on a nonlocal boundary value problem of a system of nonlinear, multidimensional, 

inhomogeneous differential heat conduction equations with partial derivatives, boundary and thermal action conditions. It is noted 

that without considering the material under study as a homogeneous rectilinear body, without the use of specialized methods and 

estimates on the solution function from the theory of existence and uniqueness of the solution of boundary value problems, it is 

generally impossible to guarantee the correctness of this boundary value problem. Using the parametric method, it is proved that 

the condition of uniform boundedness on the Fourier symbol of the main differential equation of a homogeneous boundary value 

problem is a necessary and sufficient condition for the computational mathematical model over the space of generalized functions 

constructed in this article. This guarantees the stability of the solution of the boundary value problem to minor changes in the 

initial data in the function space. 

From the point of view of mathematical modeling, the article solves the problem of nonlinear dynamic programming. 

Taking into account the characteristics of technical devices of thermal action, the boundary values of the control parameters of 

the system are set. Despite the fact that the research of this article is related to the section of mathematical modeling and 

optimization of systems with distributed parameters, it also has a multidisciplinary focus. After all, during the finite-difference 

approximation of a system of differential equations for the implementation of boundary value problems, this problem is reduced to 

nonlinear dynamic programming, which increases the accuracy of calculating the objective function and values of technical 

parameters of load sources by using more approximate calculation methods. 

Keywords: mathematical modeling, boundary value problems, stability of solutions, finite difference approximation. 
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ЛЕВКІН АРТУР, БУТЕНКО ТЕТЯНА 
Державний біотехнологічний університет 

 

ТЕОРЕТИЧНІ ДОСЛІДЖЕННЯ ПРИКЛАДНИХ ЗАДАЧ МАТЕМАТИЧНОГО МОДЕЛЮВАННЯ 

ДЛЯ ТЕПЛОФІЗИЧНИХ СИСТЕМ 

 
В статті побудована розрахункова математична модель термічної дії на багатошаровий матеріал. Показано, що в основі 

зазначеної теплофізичної системи стоїть нелокальна крайова задача системи нелінійних, багатовимірних, неоднорідних 

диференціальних рівнянь теплопровідності з частинними похідними, крайовими і граничними умовами термічної дії. Відзначено, що не 

розглядаючи досліджуваний матеріал в якості однорідного прямолінійного тіла, без застосування спеціалізованих методів і оцінок на 
функцію розв’язків з теорії існування та єдиності розв’язку крайових задач, загалом не можливо гарантувати коректність цієї крайової 

задачі. Використавши метод параметрікса доведено, що умова рівномірної обмеженості на символ Фур’є основного диференціального 

рівняння однорідної крайової задачі – це необхідна і достатня умова коректності для побудованої в статті розрахункової 
математичної моделі над простором узагальнених функцій. Це гарантує стійкість розв’язку крайової задачі до незначних змін 

початкових даних в функціональному просторі. 
З точки зору математичного моделювання в статті розв’язана задача нелінійного динамічного програмування. Врахувавши 

характеристики технічних пристроїв термічної дії, задані граничні значення управляючих параметрів системи. Незважаючи на той 

факт, що дослідження цієї статті відносяться до розділу математичного моделювання та оптимізації систем з розподіленими 
параметрами, в них закладене і мультидисциплінарне спрямування. Адже під час кінцево-різницевої апроксимації системи 

диференціальних рівнянь для реалізації крайових задач, зазначена задача зводиться до нелінійного динамічного програмування, що 

підвищує точність розрахунку функції мети і значень технічних параметрів джерел навантаження за рахунок застосування більшої 
кількості наближених методів обчислення. 

Ключові слова: математичне моделювання, крайові задачі, стійкість розв’язків, кінцево-різницева апроксимація. 
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Formulation of the problem 

In the article applied problems of mathematical modeling for thermophysical systems containing sources of 

loading physical fields are solved. At calculation and optimization of such systems it is necessary to solve applied 

problems of nonlinear dynamic programming. Physical processes in multilayer systems containing concentrated, local 

sources of thermal influence are described by means of nonlocal boundary value problems with systems of differential 

equations of heat conduction in partial derivatives and boundary conditions. The characteristics of the sources of 

physical fields are included in the right part of the basic differential equation from the boundary value problem or are 

given in the boundary conditions.  

Mathematical models for optimizing the parameters of exposure sources should be based on correct boundary 

value problems describing the state of the modeled system. Fulfillment of the correctness requirement is necessary to 

guarantee the adequacy of the main optimization problem of improving the quality of thermal effect on the material 

by controlling the fulfillment of constraints on the target function and technical parameters of the emitters, which will 

reduce the consumption of expensive material. Note that the system of constraints on the technical parameters and the 

target function is nonlinear, and the maximum permissible values of the parameters of the emitters are taken from the 

technical characteristics of the means of exposure. To analyze the fulfillment of the constraints on the target function, 

it is necessary to solve boundary value problems with differential equations of heat conduction. This fact connects 

computational and applied optimization mathematical models and demonstrates that to analyze local extrema of the 

target function it is necessary to obtain its values, and this is possible only after solving boundary value problems. 

Correctness of boundary value problems can be given much less attention only if it is sufficient to obtain average 

estimates on the target function. Then correctness is proved through classical theorems about boundedness of solutions 

in function spaces. However, in this way we obtain a greater consumption of technical resources of radiators and of 

the material under study due to averaging of the control parameters of the modeled system. Therefore, in order to 

increase the accuracy of implementation of computational and applied optimization mathematical models, it is 

necessary to take into account as many factors of systems as possible. In this case, the influence of correctness of 

boundary value problems for already detailed systems increases. One of the possible approaches to obtain and justify 

the correctness conditions is to apply the parametric method. This will prove that the parabolicity condition for a 

system of homogeneous differential equations is a necessary and sufficient correctness condition for the boundary 

value problem given in the article with a system of differential equations on the segment of bounded generalized 

functions. Moreover, if such a boundary value problem is still not correct, the class of solutions can be narrowed down 

to compact sets in which the problem is stable to small changes of initial data.  

The Fourier method of separated variables and variational methods are used to realize and investigate the 

computational mathematical model. The essence of the Fourier method is that the solution of the boundary value 

problem is sought in the form of a series of products of functions. In this case, to justify the application of the Fourier 

method, the maximum principle is used, the essence of which is that the solution of a homogeneous boundary value 

problem reaches its maximum at the boundary of the domain. 

Analysis of the latest research 

Article [1] shows that the external excitation of an unregulated object with a dynamic internal structure is based 

on a boundary value problem with a system of nonlinear differential equations with constant coefficients. The behavior 

of the functions of several variables together with their derivatives up to a fixed order in the corresponding topology 

is investigated [2]. Having optimized energy consumption in a technical system, the authors of [3] obtained the 

dependence of the change in the coefficient of kinetic energy loss on the angle of the body position. The results of 

publications [4–6] are devoted to the optimization of the parameters of individual technical systems. Articles [5, 6] 

present a generalized approach to solving boundary value problems with differential equations and optimizing the 

parameters of these systems. To increase the stability of the turbine unit outer shell, applied problems of optimal 

design of some systems with distributed parameters were constructed and formalized, taking into account the control 

parameters of these systems [7, 8]. In articles [9, 10], conditions for the correctness of boundary value problems for 

certain classes of differential equations were obtained. Their authors defined general methods for finding and 

justifying their application in solving applied problems depending on changes in the right-hand side of the differential 

equation, as well as boundary and edge conditions. Hybrid algorithms are used to search for digital images in data 

warehouses [11]. In [12], effective methods for identifying air targets in real time were obtained.  

The purpose of the work is development of a computational mathematical model for a separate 

thermophysical system. 

Presenting main material 

According to the results of the article [13], a computational mathematical model for thermophysical systems: 

{
 
 
 

 
 
 𝜌1𝑐1

𝜕𝑇1
𝜕𝑡

− 𝜆1 (
𝜕2𝑇1
𝜕𝑟2

+
2

𝑟1

𝜕𝑇1
𝜕𝑟
) + 𝑞1 = 0;

𝜌2𝑐2
𝜕𝑇2
𝜕𝑡

− 𝜆2 (
𝜕2𝑇2
𝜕𝑟2

+
2

𝑟3

𝜕𝑇2
𝜕𝑟
) + 𝑞2 = 0;

⋯  ⋯  ⋯  ⋯  ⋯  ⋯  ⋯  ⋯ 

𝜌𝑁𝑐𝑁
𝜕𝑇𝑁
𝜕𝑡

− 𝜆𝑁 (
𝜕2𝑇𝑁
𝜕𝑟2

+
2

𝑟𝑁

𝜕𝑇𝑁
𝜕𝑟
) + 𝑞𝑁 = 0,

 (1) 
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where 𝜌ⅇ – density coefficient 𝑒 -th layer of the multilayer (𝑁 -layered) material, where 𝑒 = 1, . . , 𝑁; 

𝑐ⅇ – heat capacity coefficient 𝑒 -th of the multilayer material;  

𝑇ⅇ = 𝑇ⅇ(𝑟, 𝑡) – temperature field; 

𝑟ⅇ  – distance from the center of the thermal source to the point in the 𝑒 -th temperature field value is calculated 

in the layer of the multilayer material. 

𝑞ⅇ – specific power density of heat loads in multilayer material; 

𝜆ⅇ – heat transfer coefficient 𝑒 -th layer of multilayer material. 

Boundary conditions at the beginning and at the end of thermal exposure: 

{
𝑇(𝑟0; 𝑡0) = 𝑇0;

𝑇(𝑟𝑁; 𝑡𝑁) = 𝑇𝑁 .
 (2) 

Boundary conditions for specific heat flux: 

−𝜆1
𝜕𝑇1

𝜕𝑟
(0, 𝑡) = 𝑞𝑆,  0 ≤ 𝑡 ≤ ℎ, (3) 

where 𝑞 – specific heat flux on the outer layer of the material 𝛺; 

𝑆 – the area of the source of exposure in the form of a spot. 

For the homogeneous boundary value problem with the system of differential equations of heat conduction 

the parabolicity condition is satisfied, and hence, as shown in [14], it can be perturbed by any subordinate 

pseudodifferential operator of the first order, for example 2
𝜆

𝜌𝑐
(
𝜕𝑇(𝑟,𝑡)

𝜕𝑟
). This proves the correctness of the boundary 

value problem (1)-(3) in the space of generalized functions continuous on the segment. 

The solution of the heat conduction differential equation of the system (1) can be represented as the sum of 

a general homogeneous and a partial inhomogeneous solution. First, let us find the general inhomogeneous solution 

of the system (1), representing it as the product of two functions 𝑢(𝑟) and 𝑣(𝑡). Substituting the product of these 

functions into the homogeneous differential equation of the system (1), we obtain: 

𝑣 ′(𝑡)𝑢(𝑟) − 𝑎(𝑣(𝑡)𝑢″(𝑟) +
2

𝑟
𝑣(𝑡)𝑢′(𝑟)) = 0. (4) 

Based on the algebraic transformations of the differential equation (4), we obtain the differential equation 

with separating variables and the Fuchs class equation. The solution of the differential equation with separating 

variables is easy to find – it is an exponent, while the solution of the Fuchs class equation requires the construction of 

a characteristic polynomial: 

𝜆(𝜆 − 1) + 2𝜆 = 0. (5) 

Its roots are 0 and 1 so we will look for the solution of the Fuchs class equation in the form of a power series: 

𝑢(𝑟) = ∑ 𝑐𝑘𝑟
𝑘−1∞

𝑘=0 . (6) 

Let us obtain the solution of the differential equation (4): 

𝑇(𝑟, 𝑡) = (𝑐1 ∑
𝑐𝑘𝑟2𝑘−1

𝑎𝑘((2𝑘)!!)
2

∞
𝑘=0 + 𝑐2∑

𝑐𝑘𝑟2𝑘

𝑎𝑘((2𝑘+1)!!)
2

∞
𝑘=0 ) 𝑒𝑐𝑡,  (7) 

where the constants 𝑐1 and 𝑐2 is found from the boundary conditions (2); 

𝑎 =
𝜆

𝜌𝑐
 – diffusivity coefficient. 

Other notations are as in the system of differential equations (1). Let us write the partial inhomogeneous 

solution of the differential equation from the system (1): 

𝑇𝑝.ℎ.(𝑟, 𝑡) = −
𝑞𝑒

6𝑎
𝑟2.  (8) 

Taking into account the calculations carried out, we obtained the solution of the differential equation of heat 

conduction from the system (1): 

𝑇(𝑟, 𝑡) = 𝑇0 (𝑒
𝑐𝑡 ∑

𝑐𝑘𝑟2𝑘

𝑎𝑘((2𝑘+1)!!)
2

∞
𝑘=0 ) −

𝑞𝑒

6𝑎
𝑟2. (9) 

Having obtained, for example, using the method of uncertain coefficients, the heating temperatures of the 

material layers, we proceed to the analysis of the fulfillment of constraints on the temperature field and to the analysis 

of local extrema of the target function to solve the main optimization problem of reducing the flow rate of the material 

under study in the simulated thermophysical system. It should be noted the results of publications [15, 16], boundary 

value problems and applied optimization mathematical models in which depend on the features of the simulated 

processes and the target function. 

Conclusions 

The article develops a mathematical model for the thermophysical system of thermal action on a multilayer 

material. It is shown that the computational mathematical model of this process is a boundary value problem of a 

system of nonstationary, inhomogeneous, multidimensional differential equations of heat conduction with piecewise 

constant coefficients and with appropriate initial and boundary conditions. Moreover, this system contains moving 

(local, discrete, concentrated) sources of the physical field whose characteristics are included either in the right part 

of the basic equation of the boundary value problem or in the boundary conditions. To substantiate the correctness of 

this boundary value problem, the fundamental function of solutions of the boundary value problem with a system of 

homogeneous differential equations is investigated and it is shown that the condition of parabolicity of the Fourier 

symbol of the basic differential equation leads to the correctness of the computational mathematical model for the 

thermal effect on the material.  
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The choice of the method of numerical realization of computational mathematical models is made taking into 

account the general type of the target function, the system of nonlinear constraints on the target function and its 

parameters, multidimensionality and nonlinearity of boundary value problems. Thus, to realize the boundary value 

problems, the authors used the Fourier method of separated parametrizations and known approximate methods. This 

means that initially, the solution of boundary value problems for differential equations is represented as a power series, 

and the differential equations are replaced by a system of algebraic equations with constant coefficients. To obtain the 

unknown coefficients, the authors propose to apply variational methods. Increasing the accuracy of calculation and 

optimization of the target function and control parameters of the modeled system is achieved by reducing the control 

problem to the problems of nonlinear mathematical programming.  
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